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Let G be a finite group, r a prime, R an r-subgroup of G, and cp an 
irreducible character of N(R). Then R will be called a radical subgroup of 
G if R = O,(N(R)) and the pair (R, cp) will be called a weight of G if cp is 
trivial on R and in an r-block of defect 0 of N(R)/R. Here (R, q) is iden- 
tified with its G-conjugates. Let h be the block of N(R) containing cp. 
A weight (R, cp) is a B-weight for a block B of G if B= hG, that is, B 
corresponds to b by the Brauer homomorphism. This definition of weight 
in the modular representation theory of an arbitrary finite group was intro- 
duced by Alperin in [2] and it was conjectured there that the number of 
weights should equal the number of modular irreducible representations. 
Moreover, this equality should hold block by block. Recently this conjecture 
was proved by Alperin and Fong [3] for symmetric groups, and for finite 
general linear groups when the characteristic r of modular representation is 
odd. In this paper the conjecture is proved for general linear groups when 
r is even. The defining characteristic of group may be assumed to be odd 
since the result is known when it is even. 
The embeddings of 2-groups of symplectic type into a general linear 
group and their local structures are determined in Section 1. The local 
structures of a 2-radical subgroup in a general linear group are given in 
Section 2. The conjecture is proved in (3E). 
I am very grateful to my advisor, Professor Paul Fong, with whom I dis- 
cussed most of those problems. He read the manuscript and made many 
corrections and suggestions. I also thank Professor Bhama Srinivasan for 
much useful help. 
1. THE ~-GROUPS OF SYMPLECTIC TYPE 
Let E be an extraspecial group of order 2*‘+’ with center Z(E) = (z). 
There are generators x,, x2, . . . . xzyp,, x~, of E such that [xzr+ 1, xzi] = 
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X~llX~lX2i_ lX2i=Z, [Xzi, X2,+ 11 = 1 for i= 1, . . . . Y, [Xi, Xj] = 1 for 
Ii - jl>, 2, and xi has order 2 for i b 3. Then E has plus or minus type 
according as both xi and x2 have order 2 or 4 and in the latter case 
x2 = xi = z Denote 22y+ ’ the extraspecial group of order 22y+ ’ with type 
11: where i= + or y. Let S,, D,, and Q, be respectively semidihedral, 
dihedral, and generalized quaternion groups of order 2a. A 2-group R is 
called of symplectic type if it is a central product EP of an extraspecial 
group E and either a cyclic 2-group P or P= S,, D,, Q, with p>,4. Here 
Z(E) is identified with G!,(Z(P)). In this section we consider the embedding 
of R into a general linear group. 
We denote Aut G the automorphism group of a finite group G, Inn G the 
group of inner automorphisms, and Auto G = {C E Aut G : [o, Z(G)] = 1). 
First suppose R = EZ has symplectic type with Z cyclic. If R > E, then 
R can be rewritten as the central product of 2 and an extraspecial group 
E with plus type. Thus Q,(R) is a central product of a cyclic group of order 
4 and E. If R = E, then sZ,( R) = R. Every element of Auto R restricts to an 
automorphism of O,(R) and every element of Auto G,(R) extends to an 
automorphism of R acting trivially on Z, so that Auto R = Auto a,(R). 
By [13,Theoreml], Aut”E/InnE1:OV(2y,2), if Ez2iYS’ and by [ll, 
Sect. 4; 10, p. 4071 
Auto C?,(R)/Inn 52,(R) 2: Sp(2y, 2) 
if R > E. For an extraspecial group E 2: 2;3”‘, a group H is called a 
holomorph of E if Es H, C,(E) = Z(E), and H/E N- Ov(2y, 2). 
Let [F, be the field of q elements with odd characteristic and 2”+ i the 
exact power of 2 dividing q2 - 1, so that a > 2. We say that 2 is linear or 
unitary according as 2” divides q - 1 or q + 1. 
The following proposition is a well-known result (see [9, 5.5.51). We 
give a proof because we need the notations in the proof of (1B). 
(1A) Let E-2, 2Y + ’ Then there exists a unique faithful and irreducible 
representation of E in GL(2Y, q). In particular, F, is a splitting field of E. 
ProofI Let Ei = (xzi- , , xzi) and Vi a linear space of dimension 2 over 
IF, for 1 < i < y. Then Ei acts faithfully and irreducibly on Vi. Indeed first 
suppose Ei is a dihedral group. If {a;, ui} is a basis of Vi, then define the 
actions of x2(-, and x2i on P’, by 
x2i- 1: u;k+ (- l)j+lu;, x2;: u;l-+v;+,, (1.1) 
where the subscripts on the basis vectors are naturally read modulo 2. In 
particular, z = [xziP,, xzi] : uj H - uj and this representation is faithful and 
irreducible. 
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Suppose E, is a quaternion group. If 2 is linear, then there is an element 
u’ of [F, of order 4, so that with respect to a basis (ul, vi} of I/, , 
generate a quaternion subgroup of GL(2, q) = GL( I’, ). Thus x1 H X and 
x2 H Y define a faithful and irreducible representation of E, in GL( V,). 
Suppose 2 is unitary. By [S, p. 1421, a Sylow 2-subgroup of GL(2, q) = 
GL( V1) is semidihedral and with respect to a basis {u:, vi} of V,, it is 
generated by two matrices X and Y satisfying the conditions 
IxI=2”+‘, I Yl = 4, xz”= y*= -I,, YXY- ’ = -x ‘. (1.2) 
So IX*‘-‘/=4 and YX2u~‘Y~~‘=-X2’~‘. Thus x,++X*“-’ and x2++ Y 
define a faithful and irreducible representation of E, in GL( I’,). 
E then acts faithfully and irreducibly on V = P’, 0 V, @ . . 0 V,, since E 
is a central product of E,‘s and the element z in E, is represented on V, by 
the scalar matrix -I. It follows by [9, 5.5.41 that E has exactly one non- 
linear character over any splitting field. Since E/Z(E) is elementary abelian, 
the linear characters of E are realizable over [F,, so that [F, is a splitting 
field for E by [6, 70.31. The uniqueness is clear. This proves (1A). 
For simplicity of notation, we write 
u~,O~~~O ... Ov;, = [j,, j2, . . . . jr], 1 <j,<2. 
So the 2? elements [j,, j2, . . . . j,] form a basis for I’. If E has plus type, 
then 
x2i-1: lIjl,j2,..., &I t+ (- 1 I”’ ’ Cj,, .i2, . . . . .ijal, 
x2i: Cjl,j2, . . ..j?lH Cj,,...,j,~+,,j,+ l,jr+,,..., j,l. 
(1.3) 
Remark. Suppose E has plus type and is embedded in GL(2?, q). In the 
notation of (lA), we claim that V has a basis {[j,, j2, . . . . j,]‘), where 
1 < ji < 2 and the actions of x2:- i and x2i for i 2 2 are given by (1.3) with 
Cj,, j2, . . . . j,l replaced by CjI, .i2, . . . . &I’, and 
xl : IIj,, .L, . . . . .&I’ ++ Cj, + 1, j2, . . ..&I’. 
x2: [jl, j, ,..., j,]‘t-+-l)“+‘[j,, j, ,..., jy]‘. 
Indeed interchange the actions of xi and x2 on {v: , ui } given by ( 1.1) and 
repeat the proof above. Then the uniqueness of (1A) implies the existence 
of the basis of V. 
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(1B) Suppose 2 is linear. Let G = GL(2”, q), R = EZ a subgroup of G of 
symplectic type, where Z = Z(G), and E ‘v 2: +I. Set C = C,(R) and 
N = N,(R). Then C,(R) = Z(N) = Z(G) and N/RC N Sp(2y, 2). Moreover 
each linear character of Z(N) acting trivially on O,(Z(N)) can be extended 
to a character of N trivial on R. 
ProoJ Since F, is a splitting field of R, it follows that C= C,,,(R) = 
Z(G), so that Z(N) = Z(G). The elements of N induce automorphisms in 
AutOQn,(R) = Auto R. Now E may be assumed to have plus type and act on 
the underlying space V of G as in (1.3). Set W = Q,(R). Then W= (p)E, 
where p = wl has order 4. We shall exhibit elements in N which together 
with R generate Auto W. 
(1) Let g be the element in G such that 
g: cj,,j*, “‘> jj, . . . . j.;l t--+ Cj,, j2, . . . . j,, . . . . j,l. 
Then gPi.xlg=xzrP,, gPixrr-,g=x,, gPix,g=xzi, gg’x,;g=x,, and 
gP’x,g=x, for all other indices. It follows that N contains a subgroup 
inducing the symmetric group S(y) on the set {E,, E,, . . . . Ey}. 
(2) Let ( U, , j2, . . . . j,]‘} be the basis of V given by the remark above 
and g the element in G such that 
g: Cjl,j2, .-,jyl’++ Cjl,j2, . . ..jrl. 
Then gP’x,g=x,, g-‘x,g=x,, gg’ xkg=xk for k>3. It follows by (1) 
that N contains a subgroup inducing a Weyl group of type C, on W/Z(W). 
(3) Let g be the element in G such that 
g: Ci,, j2, . . . . j,l k--+ Cjl + j, + 1, j2, . . . . j,]. 
Then gP1xIg=x,x,, gP’x,g=x,x,, and g-‘x,g=x, for all other 
indices. Since (x1, x3, . . . . x2?- 1 ) and (x,, x4, . . . . x2?) give a hyperbolic 
decomposition of W/Z(W), g induces 
1 1 ( > 0 1 
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relative to this decomposition of W/Z( W). By (1) we may replace E, and 
E, by Ei and E, for 1 < i < j < y. Thus there is a subgroup of N inducing 
((” A-,):AW~.2)) 
on W/Z(W). 
(4) We claim that there are elements in N inducing 
I ( 9 I 
on W/Z(W) for any X such that X’= X. By (3) it suffices to show this 
when 
X= diag{ 1, 0, 0, . . . . 0). (1.4) 
Indeed, let g be the element in G such that 
g: [jl,j2, . . ..jyl ~(--lY’+lwi’[jl, j2, . . . . j,]. 
Then g-‘px, g = x1x2, and gP ‘x,g= xk for all other indices. Thus the 
claim holds. 
The subgroup generated by the elements of (1) and (2) induces a Weyl 
group of type C, on W/Z(W) and the subgroup generated by the elements 
of (3) and (4) induces a subgroup containing a Bore1 subgroup of Sp(2y, 2) 
on W/Z(W). It follows that N induces Sp(2y, 2) on W/Z(W) and then 
N/RC = Sp(2y, 2), N/C 1: Auto W. 
Finally, suppose 5 is a linear character of Z(N) trivial on O,(Z(N)) = Z. 
Given g in Z(N) n SL( V), then g = ul y for some u E IF, and det g = #2r = 1, 
so that g E Z and Z(N) SL( V) is a central product of Z(N) and SL( V) over 
Zn SL( V). The tensor product, denoted by f, of 5 and the trivial character 
of SL( V) is a character of Z(N) SL( V) extending < and trivial on 
(Z(N) SL( V)) n R. Moreover e is stabilized by G. Since G/Z(N) SL( I’) is 
cyclic, r can be extended to a character of G trivial on R and the restriction 
of the latter to N is a required extension of 5. This completes the proof. 
(1C) Suppose 2 is unitary. Let G = GL(2’, q), and let R N 2:’ ’ be an 
extraspecial subgroup of order 22Y + ’ of G. Then a holomorph H of R exists 
as a subgroup of G. 
Proof: By [8, Theorem 51 it suffices to show that either 2 or - 2 is a 
square in IF,. Suppose both 2 and -2 are not squares. Then - 2 = 2u2 for 
some u E [F,. Thus 1~1 = 4 and then 4 divides q - 1. This is impossible since 
2” divides q + 1. 
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(1D) Let P=S,,D,, or Qp, where p 3 4. Let W be a faithful and 
irreducible representation of P in G = GL(n, q) such that O,(C(W(P))) < 
W(P). Then 2 is unitary and n = 2. Moreover if P = S,, then j? = a + 2 and 
W(P) is a Sylow 2-subgroup of G. If P = D, or Q,, then j? < a + 1 and 
there exists an element x E G such that 1x1 = 28, x normalizes W(P), and 
x E G( CWP), W(P)1 1. 
Proof: Let Q=W(P). Since O,(Z(G))<Oz(C(Q))<Q and lZ(Q)I =2, 
it follows that O,(Z(G)) = Z(Q) = { + I,}, so that 2 is unitary. Suppose 
Q= (a, r) such that 1cr =2”-’ and ItI =2 or 4 according as P# Q, or 
P= Qp and in the latter case r2 = --I,,. Let K = (a). Then the underlying 
space V of G is a K-module. If A4 is an irreducible K-submodule of V, then 
I/= M+ rM as V is an irreducible P-module. 
Suppose rM# M; then V= MO sM. With respect to a suitable basis 
of v, 
where w  = 1 or - 1 according as r has order 2 or 4. If P = S,, then 
zos-l= -a-l. If P=D, or Qp, then rgr-r=.-‘. Thus B=+A-‘, so 
e = diag{ A, A} E C(Q). By Schur’s lemma C(Q) is cyclic, so that 
~EO,(C(Q))<Q and then FEZ. Since 1~1 =28-1, it follows that 
1~1 = 28- ‘. This is impossible. Thus TM = M, V = M, and (T is primary in 
G with a unique elementary divisor I-. 
If P = S,, then cr and -0-l are conjugate, so that a@ = -cr -’ for some 
i>O and 2”-21qi+1. Since b-222, i is odd and /I--26a. Thus 
28 ~ ’ I q* - 1 and the degree d, of r is 2, so that n = 2 as V is an irreducible 
K-module. By [6, Lemma 1; 9, 54.33 the Sylow 2-subgroup of G is semi- 
dihedral of order 20f2 and it has no proper semidihedral subgroups. It 
follows that Q is a Sylow 2-subgroup of G and /I = a + 2. 
If P=D, or QB, then 0 and 0-I are conjugate, so that cy’ = 0 --I for 
some i 2 0 and 28p ’ I qi + 1. Thus i is odd and fl- 1 < a. Since 
28- ’ 1 q2 - 1, it follows that d, = 2. Thus n = 2 and Q is a subgroup of a 
semidihedral group. By [9, 5.4.31 the maximal noncyclic subgroups of a 
semidihedral group are generalized quaternion or dihedral, those of a 
dihedral group are dihedral, and those of a generalized quaternion group 
are generalized quaternion. Let L be a subgroup of a Sylow 2-subgroup of 
G containing Q such that (L: Q) = 2, so that L normalizes Q. Then either 
L is a Sylow 2-subgroup of G or L is a dihedral or generalized quaternion 
group according as Q is dihedral or generalized quaternion. 
If L is Sylow, then L= (x, y), so that yxy-‘= -x-I, 1x1 =2”+‘, and 
I yJ = 2. If L is dihedral or generalized quaternion, then L = (x, y), so 
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that yxy~‘=x~‘, 1x1 =2”, and 11’1 = 2 or 4 according as L is dihedral or 
generalized quaternion. Thus x normalizes Q and [Q, Q] = (x2), so that 
x E C,( [Q, Q]). This completes the proof. 
We now consider the embedding of other groups of symplectic type in a 
general linear group. In the following three propositions, suppose R = EP 
is a central product of E and P over Z(E) = Z(P), where E 2: 2,27+ ’ and 
P = S,, D,, or Qp with B > 4. 
Suppose 2 is unitary. Let X and W be faithful representations of E and 
P in GL(m2:‘, q) and GL (2, q), respectively, such that X has one Wedder- 
burn component. So W is irreducible. Let N and M be the underlying 
spaces of X and W, respectively, and V = NO M. Then R acts faithfully on 
V’ and we denote by F the representation of R in GL( I’). Thus F is faithul 
with one Wedderburn component. The central product GL(N) GL(M) of 
GL(N) and GL(M) over Z(GL(N)) = Z(GL(M)) also acts faithfully on I’. 
For simplicity of notation, we again denote by F the representation of 
GL(N) GL(M) in GL( I’). 
(1E) With the notation aboue, let N(X(E)), N(W(P)), and N(F(R)) be 
the normalizers of X(E), W(P), and F(R) in GL(N), GL(M), and GL( V), 
respectively. In addition let F(R)‘= C,,,,( [F(R), F(R)]), and 
NO(W(P)) = {xe NW(P)) : cx, W(P), W(P)11 = I), 
N’(F(R))= {xEN(F(R)): [x, [F(R), F(R)]] = 1). 
Then F(NX(E))) d N”(F(R)) and F(N’(W(P)))< Z(C,,,,,,,(F(R)‘)). In 
particular, if P = D, or Qp, then F(R) is not radical in GL( V). 
Proof: Let G=GL( V), K= F(N’(W(P))), H= [F(P), F(P)], and 
Q = F(R)‘. Suppose m is the multiplicity of a faithful and irreducible 
representation of E in X. It is clear that F(N(W(P))) and F(N(X( E))) are 
subgroups of N(F(R)). Since [E, E] = Z(E) and [P, P] is cyclic of order 
28- ’ > 4, [F(R), F(R)] = H is a cyclic subgroup of Q of order 2@ *. Thus 
F(N(X(E)))<N’(F(R)), K<N’(F(R)), and F(E)<C,(K). Similarly 
L = [W(P), W(P)] is cyclic of order 28 *, so that L < i@‘(W(P)) d 
CGLcMW and CGLcM, (L) N GL( 1,q’). Thus p(W(P) is cyclic and 
its commuting algebra on M is F,z. So C,(K) N GL(m2Y, q*) and 
C,( (F(E), K)) % GL(m, q2) since Fy2 is a splitting field of E and F IE 
has only one Wedderburn component. On the other hand, 
C,(F(R)) N GL(m, q), C&F(E)) N GL(2m, q), and Hb C,(F(E)), so that 
CCG(F(EJj(H) N GL(m, q2) and it is the centralizer of (F(E), H) in G. Since 
(F(E), H) < Q Q (F(E), K), it follows that C,( (F( E), K) ) = C,(Q). But 
K is cyclic and F(E) < C,(K), so that K < C,( (F(E), K)) and K < C,(Q). 
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Thus K < Z( C,(Q)) and K 6 Z( C,v~,F(RJJ Q)) since K 6 N’(F(R)) and 
c No~F~R~JQ) 6 G(Q). Now C,O~,~,~~(Q) 9 No(W)) 9 WV)), so that 
O,(K),< O,(N(F(R))). If P=D, or Qp, then N’(W(P)) has an element of 
order 2” by (lD), so that K has such an element. Thus F(R) is not radical 
in G since each element of R has order less than 2”. This completes the 
proof. 
(1F) (a) Suppose 2 is unitary and P = S,, 2. Then there exists a faithful 
and absolutely irreducible representation T of R = EP in GL(2”+ ‘, q). 
Moreover, R is independent of the type of E and GL(2;‘+‘, q) contains a 
unique conjugacy class of subgroups isomorphic to R. 
(b) Zdentity R with its image T(R) in G=GL(2’+‘, q), where T is given 
by (a). Let 
R” = C,( CR, RI h N= N,(R), N’={gEN:[g,[R,R]]=l}. 
Then R” is a central product of E and a cyclic group of order 2”+ I, 
R” = R n No, Z(N’) = Z(G) Z( R’), and N”/RoZ( No) = Sp(2y, 2). Moreover 
each linear character of Z(N’) acting trivially on O,(Z(N’)) can be 
extended to a character of No trivial on R”. 
Proof: (a) Let E= (x,, x2, . . . . xzy) have plus type and P= (a, z), so 
that 101 = 2”+‘, Ir/ = 2, and r~r = o*“~‘. Let E’= (PX,, px2, x3, x4, . . . . x2?) 
and P’ = (a, zx,x2) be subgroups of R, where p = a2”-‘. Then R = E’P’, 
E’ ‘v 2?+‘, and E’ commutes with P’. Let T’ =rax1x2. Then P’= (a, z’), 
IT’1 = 2, r’ar’ = a2”- ‘, and I P’I = 2”+ 2, so that P’ N S, + 2. The surjective 
map cp : E’ x P’ -+ R defined by (x, y) H xy is a homomorphism of groups 
with kernel containing the normal subgroup ((z, a2”)) of E’ x P’, where 
z is a generator of Z(E). Thus cp induces a surjective homomorphism 
from E’ x P’/( (z, a2”)) to R. Since both groups have the same order 
2Uf ‘?+ 2, the induced homomorphism is an isomorphism. The group 
E’ x P’/( (z, a”)) is a central product of E’ N 22,+’ and P’ 2r Sai2 over 
Z(E) = Z(P’), so that R is independent of the type of E. 
With the assumption of (lE), suppose P = Sa+2 and X is irreducible. 
Denote by T the representation F in (1E). Then T is a faithful and 
absolutely irreducible representation of R in GL(2?+‘, q) = GL( V). 
Moreover T(P) is a Sylow 2-subgroup of C,,,,,,(T(E)) N GL(2, q). Let T’ 
be another faithful and irreducible representation of R in GL( V). Then T 1 E 
has one Wedderburn component and we may suppose T’ IE= 2X’ for a 
faithful and irreducible representation X’ of E. Necessarily X and X’ are 
equivalent. Thus we may suppose X = X’. Similarly T’(P) is Sylow of 
Co,,.,(T’(E)), so that both T(P) and T’(P) are Sylow 2-subgroups of 
CGLcV) (T(E)) and they are conjugate. It follows that T(R) and T’(R) are 
conjugate in GL( V). 
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(b) Identity R with T(R), so that P= (g, t). By (a) we may suppose E 
has plus type and by (lC), a holomorph H of E exists as a subgroup 
of Co(P) 2: GL(27, q). Since [R, R] = [P, P] = (a’), it follows R” = 
(a,E)=RnNO, Z(R”) = (a), Hd No, and H/E ‘v 0 + (27, q). Since 
Ia21 = 2“ and 2 is unitary, GG(a) = C,(a’) ‘v GL(2’, q2), so that No < C,(a) 
and Z(G)(a)<Z(N’). If gEZ(p), then gEC,(R’) and g ‘zg=taix 
for x E E and i 3 0. Since [r, E] = 1 and g E C,(E), it follows that 
[ gP ‘rg, E] = 1 and then x E Z(E) = Z(P). Thus we may suppose 
g ‘tg = ra’, so that g normalizes P. But P is a Sylow 2-subgroup of 
C,(E) and Ne,,&P) = Z(C,(E))P by [5, Lemma 31, so that Z(N’) 6 
C,(a) Z( C,( E)) = (a )Z( G) since Z(G) = C,(R) 2 Z( C,( E)). It follows 
that Z( No) = Z(G) Z( R’). 
Now C,(a) 21 GL(2”, q2), Z(R”) = (a) = Z(C,(a)),, and the subgroup 
No of C,(a) normalizes R”. By (lB), N”/RoZ(No) induces a subgroup of 
Sp(2y, 2) on R”/Z(Ro). Since fl has a subgroup H inducing a subgroup 
0’(2~, 2) of Sp(2y, 2) on R”/Z(Ro) and 0’(2y, 2) is a maximal subgroup 
of Sp(Zy, 2) (cf. [12, p. 440]), it follows that either N”/RoZ(No) N 
0’(2y, 2) or Sp(2y, 2). In order that N”/Z(No) be isomorphic to Aut”Ro, 
it suffices to show that / N”/RoZ( No)1 # 10 + (2y, 2)1. In fact we shall 
show that there exists a subgroup H’ of No inducing 0 (2y, 2) on 
R”/Z( R’). Indeed in the notation of (a), let E’ = (px, , px,, x3, . . . . x2Y ) and 
P’= (rx,x2, a). Then R= E’P’, C,(P’) N GL(2’, q), E’ d C,(P’), and 
E’ 5 2?+ ‘. By (lC), a holomorph H’ of E’ exists as a subgroup of C,(P’). 
So H’ d No and H’ induces 0 (2y, 2) on R”/Z(Ro) since R”/Z(Ro) N 
E’/Z(E’). This proves the claim. 
Finally, N,,(,,(R’) = N’Z(C,(a)) and Z(N’Z(C,(a))) = Z(C,(a)). Each 
linear character 5 of Z(N’) trivial on Z(N’), = Z( R”) can be extended to 
Z(C,(a)) trivial on Z(R”) and by (1B) the latter has an extension x to 
N’Z(C,(a)) trivial on R”, so that the restriction of x to No is a required 
extension of 5. This completes the proof. 
(1G) (a) Let N be a faithful and irreducible representation of R = EP in 
GL(t, q) such that O,(C,,,,,,(N(R))) = { +I,}. Then 2 is unitary and 
t = 2? + ‘. Moreover if P = S,, then /I = a + 2 and N(R) is uniquely 
determined up to conjugacy in GL(t, q). 
(b) Suppose F is a faithful representation of R in G = GL(n, q) such that 
F has only one Wedderburn component and F(R) is radical in G. Then 2 is 
unitary, P = S,, and F = mT for some m 2 1, where T is given by (lF), (a). 
In particular, b = a + 2, n = m2Y + I, and F(R) is uniquely determined up to 
conjugacy in G. 
Proof: (a) Let K= GL(t, q) and Q = N(R). Then N 1 E has only one 
Wedderburn component and we may suppose N I E = sX for a faithful and 
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irreducible representation X of E over IF,, so that N(P)6 C,(N(E)) N 
GL(s, q) and N(P) is irreducible as a subgroup of GL(s, q). Since 
C,(Q) N Ccx(s,qj (N(P)), it follows that O,(C,,,,V,,,(N(P))) = Z(N(P)). 
Thus N induces a faithful and irreducible representation W of P in 
GW, q) such that ~2(CGLcs,qj (W(P))<W(P). By (lD), 2 is unitary, s=2, 
and fi<a+2. So t=27C’. Moreover if P = S,, then fi = a + 2 and N(R) is 
uniquely determined up to conjugacy in GL( t, q) by (lF), (a). 
(b) We may suppose F = mM for a faithful an irreducible representation 
M of R. Let V and U be the underlying spaces of F and M, respectively, 
and C = C,(F(R)). The commuting algebra D of M(R) on U is a finite 
extension of F,, and C z GL(m, D), so that D x = Z(C). Since 
F(R) < F(R) U,(Z(C)) a N,(F(R)) and F(R) is radical, it follows that 
U,(Z(C)) < F(R) and O,(Z(C)) = Z(F(R)), so that IO,(D x )I = 2. Since 
Z(M(R))6C,,,,j,(M(R))QD”, it follows that O,(C,,,.,(M(R))) = 
ZW(R)) = { iL>, where t = dim U. By (a), I = 2“ + ’ and 2 is unitary. 
Moreover if P = S,, then /?=a+2 and we may suppose F=mT by 
(lF), (a). Let Ff,=m27W, Fl,=2mY, and X=mY, where Y and W are 
faithful and irreducible representations of E and P, respectively. Then X is 
a faithful representation of degree m2’ with one Wedderburn component 
and F is the tensor product of X and W. It follows by (IE) that F(R) is 
not radical in GL( V) unless P = S,. This completes the proof. 
Let E,Z, be a central product of a cyclic group Z, of order 2” + ’ and 
an extraspecial group E, ‘v 2zy+ ’ over Z(E,) = Q,(Z,), where g is the type 
of E,. Then E,Z, can be embedded as a subgroup in GL(27, q2’) such that 
Z, = O,(Z(GL(2?, q2’))). Thus either 2 is linear or 2 is unitary and a 2 1. 
If 2 is unitary and a = 0, then set Z, = Z(E) and so Ej,Z, = E,. If 2”+ OL 
divides q2’ - 1, then denote H, the normalizer of E,Z, in GL(2?, q2’), so 
that by (1 B), E,Z,, H, are absolutely irreducible over Fyzn, E,Z, a H,, 
and H,/Z(H,) ‘v Aut’(E,Z,). Moreover each linear character of Z( H.,) tri- 
vial on O,(Z(H,)) has an extension to H, trivial on E,Z,. If 2 is unitary 
and x= 0, then a holomorph H, of E, exists as a subgroup in GL(2’, q) 
and so H,/Z(H,) N Auto E, by (1C). Since Z(H,) = Z(E,), each linear 
character of Z(H,) trivial on O,(Z(H,)) has an extension to H, trivial on 
E,. The images R,,, and H,,, of E,Z, and H, under the composition 
K ci GL(2’, q2’) 4 GL(2a + i’, q), 
where K = Ey Z, or H,, are determined up to conjugacy in GL(2” + 7, 4). 
Here the second embedding is a Galois embedding. 
We identify E, and Z, with their images in GL(2n+y, q). So R,,, = E,Z,. 
If a > 1 and Z, = ( y), then we claim that there exists 0 E GL(2”‘+?, q) such 
that cr normalizes R,,, and aya- ’ = yy. Indeed there exists r E GL(2”+ Y, q) 
such that TUT ~ ’ = y4 and T induces a field automorphism of 
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c GL~2~+r,y~(Zz) u GL(2Y, q”). The embedding of R,,, in CGL(2Zb .,,,(Z,) can 
be viewed as an embedding of R,,, in GL(2Y, q”) in which y is represented 
by a scalar multiple of the identity matrix. So zE,s ‘, E, are extraspecial 
subgroups of GL(2?, q2’) with same type, and then hzE,t ‘h ’ = E,. for 
some h E GL(2?, q2’) by (1A). Thus 0 = hr normalizes R,,, and aye ’ = JJ. 
The claim holds. A similar proof shows that R,,, is uniquely determined up 
to conjugacy in GL(2”+“, q) since all cyclic subgroups of order 2”‘” 
generated by a primary element are conjugate in GL(2”+r, q). 
For each m > 1, the images R,,,,, and H,,,,,,./ of R,,, and H,,;, under the 
m-fold diagonal mapping in GL(m2”+?, q) given by 
i 
K 
g 
g- gE R,,,, or H,~:, (1.5) 
are also respectively determined up to conjugacy and Rm,n,7 is uniquely 
determined up to conjugacy in GL(m2”+7, q). So Z=Z(R,,.,,) is the 
image of Z, under the mapping (1.5). It is clear that 
Hm..,,,IZ(Hnz,.,.i) kw,;, 2 
{ 
z,;; ;; 
if either 2 is linear or CI > 1; 
> if 2 is unitary and o! = 0. 
Moreover if 2 is unitary and cx = 0, then Z(H,, 2, J = Z(R,,.,,). 
(IH) Let G= GL(m2”+“, q), R = R,.X,y, and H= H,,,.,?, and let 
C= Cm,x,y = C,(R), N= N,,.,s = N,(R), 
No = N;,.,, = { g E N : [g, Z] = 1 1. 
Then the following hold: 
(1) C2:GL(m,q2”)@I,,[H,C]=1, HnC=Z(H), and N’=HC, 
where I, is the identity matrix of size 2” and GL(m, q2’)@ I, = 
(go& gEGL( m, q2’)}. Moreover each linear character of Z(H) trivial on 
O,(Z(H)) has an extension to H trivial on R. 
(2) N/No is cyclic of order 2”. 
Proof: (1) Since the commuting algebras of R,,., and H,,, are 
isomorphic to [F+r and C,(H) < C, it follows that C N C,(H) N GL(m, q2’) 
and so C = C,(H). Thus [H, C] = 1 and Z(H) < H n C since R d H. But 
HnC~Z(H)andsoZ(H)=HnC.By(1B)and(1C),H/Z(H)2:AutoR. 
Thus for each element g of No, g induces an element of Auto R, so that 
gh E C for some h E H and No = HC since No 2 HC. Finally, the last 
assertion of (1) follows since H ‘v H, and R 1: E, Z,. 
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(2) If a=O, then Z= O,(Z(G)) and so N = No. Suppose a b 1. Since 
Z= Z(R), the elements of N induce automorphisms of Z. Let y be a 
generator of Z, < GL(2” + ?, q). Then there exists (J E GL(2”+?, q) such that 
0 normalizes R,,, and aye ~’ = yy. Let Q and w  be the images of c and y 
under the m-fold diagonal mapping (1.5). Then Q E N, Z = (w), and 
WV2 -’ = wy. For each gE N, gwg ’ = w’ for some i 3 1. Thus w  and wi are 
conjugate in G, so that i= q’ for some 12 0 as w  is primary. Replacing g 
by e-/g, we may suppose g fixes w  and then g = No. It follows that 
N = (Q, NO). This completes the proof. 
Remark. Suppose 2 is unitary and cr = 0. Then R = 2Ff’, N = No = 
HC, HII N, and H/R u Oq(2y, 2). If (R, cp) is a weight, then each con- 
stituent ‘p. of the restriction of cp to H is in a block of H/R of defect 0. 
For y 3 2, denote W(2y, 2) the subgroup of index 2 in OV(2y, 2) such 
that 52+(2y, 2) Y D,(2) and Q--(2?, 2) 1: *D;,(2). Then Qq(2y, 2) has exactly 
one block of defect 0 which contains exactly one irreducible character, the 
Steinberg character. In particular, Oq(2y, 2) stabilizes the character and the 
block. Thus OV(2y, 2) has no block of defect 0, so that G has no such 
weight. If y = 1 and E, has plus type, then H/R = 11122 and so no such 
weight exists either. If y = 1 and E, has minus type, then H/R 2: 0 ~~ (2, 2) = 
GL(2, 2) and the Steinberg character St is the only irreducible character in 
a block of defect 0, so cpo = St. 
Suppose 2 is unitary. Let E,P be the central product of an extraspecial 
group E, z 2: + ’ and a semidihedral group P = S, + 2 of order 2” + *. Then 
E,P has a faithful and absolutely irreducible representation T in 
GL(2?+ ‘, q). Moreover, its image S,,, in GL(2’+ ‘, q) is uniquely deter- 
mined up to conjugacy and independent of the type r]. Thus we may 
suppose E, has plus type. Again denote P and E, the images T(P) 
and T(E,) in GL(2’+‘,q). Let S~,,=C,,,:([S,,,,S,,,]) and L,,, be the 
subgroup of NGL(2:,+ L,~) (S,,,) acting trivially on [S,,,, S,,,]. By (lF), (b), 
L-L,,,, -W~,,H = 1, Z(L,,,) = Z(GW”+ ‘7 4)) .W:,,), 
c CL,~~~I,,)(L,,;,S,,,) = Cci~~2:.+~.q~(&.y) = Z(GWY+ ‘9 q)L 
and L,,,/Z(Li,,) 2: Auto Sy,?. Moreover each linear character of Z(L,,,) 
trivial on O,(Z(L,,,)) has an extension to El,, tivial on Sy,?. 
For each m> 1, the images Sm,l.y and L,,I,y of S,,, and L,,, under the 
m-fold diagonal mapping in GL(m2’+ I, q) given by 
g 
gw g 
i 4 
. gES1,,, or-h,,, 
g 
(1.6) 
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are also determined up to conjugacy and Sm.,,? is uniquely determined 
up to conjugacy in GL(m2’+‘,q) by (fG), (b). Let So,,,,,= 
C, ,,,., ([S,,,,,, S,,I,,l). Then L,,,, normalizes &,I,~~ CL,I.,~Z(~~,~,,)I 
= 1, and Z(L,,,,, ) = Z(GL(m2’+ ‘, q)) Z(Si, ,,J. Moreover Sz, ,,? I! L,,,, ,,yr 
and L m, ,,,/Z(L,, ,,?) 2: Auto So,, ,,7. In particular, 
L, ‘.,/So,,, ,.,w m,,,y) = SP(2Y5 2). 
Again denote by P and E, the images of P and E, under the m-fold 
diagonal mapping (1.6). Let P= (r, a), so that 1~1 =2a+,, IrI =2, and 
rrrr, = -0-l. Thus [S,+, S,,,,;,] = co*), So,,,,,= (a)E,, Z(S;,,,,) = 
Cc.), and Sm,I,y= (7, So,,.,.>. 
(11) jet G=GL(m2Y+‘, q), S=S,,,,,?, L=L,,,,7, and S’=SL,,,,, and 
let 
c = C,(S), N = NcAS), N”={g~N:[g,Z(So)]=l}. 
Then the following hold: 
(1) C-GL(m,q)OZ,+,, Z(C)=Z(G), [L, C]= 1, LnCS’=S’Z(L), 
L n S = So, No = CL, and Z( No) = Z(L) = Z(G) Z(S’), where I,+, is the 
identity matrix of size 2?+ ’ and GL(m, q) @ I, + , is defined smilarly to (1H). 
Moreover each linear character of Z(L) acting trivially on O,(Z(L)) has an 
extension to L trivial on So. 
(2) N”={g~N:[g,a2]=1}, N’gN,andN=(z,N’). 
Proof: (1) Since T is absolutely irreducible, C N GL(m, q) 0 I.,+, and 
Z(C) = Z(G). It is clear that Non S= L n S= So and LC < No. Since 
C,(LS) N GL(m, q) and C,(LS) 6 C,(S), it follows that C,(LS) = C and 
so [L, C] = 1. The elements of L induce automorphisms of So and the 
elements of CS” induce inner automorphisms of So, so that L n CS” = 
S’Z(L). Each g E No induces an element of Auto So, so that gh fixes 
elements of So for some h E L. We may suppose gg Non C,(S’). Thus 
g-‘rg= za’x for XE E, and ia0. Since [r, E,] = 1 and gE C&E,), it 
follows that [ g-‘zg, Ey] = 1 and x E Z(E,) = Z(P). So we may suppose 
g-‘rg=za’for some i>O, and then i=2k as ]~1=2. Since o-%0= -TO’ 
and c-2”-‘702a-’ = -z, we may suppose g ~ ,rg = 7 after replacing g by go’ 
for a suitable I > 0. It follows that No = LC. Thus Z(N”) = Z(C) Z(L) = 
Z(G) Z(S”) since [L, C] = 1 and Z(C) = Z(G). The last assertion follows 
since L N L,,, and So N Sy,,. 
(2) Let N, = {g E N : [g, o’] = 1). Since 1~~1 = 2” 2 4, C(a’) N 
GL(m2?, q2) and C(a) N GL(m2Y, q2). So C(a*) = C(o), N’ d C(a), and 
N’ = No. Since 2” is the exact power of 2 dividing q + 1 and o2 has order 
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2”, (a’)” = (a’)-’ and r(r2rr1 =(o~)~. F or any HEN, h(a*)h-‘=(a*) 
and so ha*hk’ = (a2)i for some id 1. Thus ha2hp1 = (a2)q’ for some 120 
since a2 is primary. Replacing h by 7 -‘h E N, we may suppose ha2h-’ = a2, 
and then h E No. Thus N= (7, No) and this completes the proof. 
2. THE RADICAL Ii?-SUBGROUPS 
Let G be a finite group and (R, cp) a weight of G. Then R is necessarily 
radical in G. In this section we give the local structures of radical 
subgroups of a general linear group. 
For each a>O, ~20, and mal, define 
K,,,,,, = Rn,.>i., i= 1, 2, 
except when 2 is unitary, SI = 0, y > 1, and i = 2, in which case 
Ri.0.Y =%n,l,Y-lr 
where R,,,,.,? and Sm,I,yP I are subgroups of GL(m2’+‘, q) defined in (IH) 
and (11). Thus if 2 is unitary, a=O, and y > 1, then R,l,,.,, = Rm,O,y and 
Rf,,,o,y=Sm,+,. The centralizer CL,.,, and normalizer NL,,, of Rk,, in 
GL(wz~“+~, q) are given by (1H) and (11). 
For each integer c ~0, let A,. denote the elementary abelian 2-group 
of order 2“ represented by its regular permutation representation. For 
any sequence c=(c,,c2 )...) c,) of nonnegative integers, let A, = 
A,, {A,., 2 ...I A,.(, and let 
be the wreath product in GL(d, q), where d= m2z+r+r1+c2+ “’ +‘I. Then 
R’ m,?,y,e is determined up to conjugacy in GL(d, q). It is clear that 
CK RI,,, ] = V and A, acts transitively on the set of of underlying spaces 
of the factors of the base subgroup of Rk,z,y,c. Here V is the underlying 
space of Rk,I,r. By [3, (1.4)] if 1, is the identity matrix of order 
n=2E,+CZ+ .” +ct and C&,01,= {g@Z,: gECi,U,y}, then 
c ci~~~,q#,z.a,y,c) = Ci,,.,,OL 
Moreover, 
N GL~d,q~(Rm,l,y,c) = WA%, /%,&3N,~,,(4, l...tAc,)v 
N GLkf,qmn,a,y,c VRi,,,,.,,, = Wf,,,a,y /R;,,,) x WC,, 2) x ... x GUc,, 2) 
(2.1) 
481;149!2-16 
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hold except when 2 is unitary, tl= y = 0, and ci = 1, in which case 
R’ ?%O.O,C = R!,,,,, t A,,, and 
N ~L,~~,(R~,~.,,,)=(N~.,,,IR~,,,,)ON,~,~,,(A,.,~~~~~A,.,)~ 
N ~~(d,y,(R~.o,o,,)lR~,o,, =(N~,o.,lR~,o,,)xGL(c,, 2)~ ... xGL(c,, 2L 
(2.2) 
where R,‘,, o , = ( --I,) ) A,., is dihedral of order 8, and c’ = (c,, . . . . c,). In 
the latter’ case Rk,,,,,, is not radical by (1H). Here (Nm,a,.i/Rk,a,r)@ 
N,,,,(A,., 2 ...{ A,,) is defined as in [3, (1.5)]. In order to show these 
equations, we first prove a lemma. 
(2A) Let X<GL(m, q) and Y= A,<S(n), where c= (c,, c2, . . . . c,) and 
,=2”,f”‘+~ +c, . Let R = X { Y 6 GL(mn, q), D = X, x X, x . . . x X,, be the 
base subgroup of R, and V,, V,, . . . . V,, be the underlying spaces of 
J-, 7 x,, . . . . x,. 
(a) If either X is non-abelian or there exists w E Z(X) such that 1 WI > 3, 
then every normal abelian subgroup of R is a subgroup of D. 
(b) Suppose X=(-LW) and Y=A,,. Zfc,>2, then C,([R,R])=D 
and R is generated by normal abelian subgroups of R. Zf cI = 1, then R is 
dihedral of order 8, and so R is nonradical in GL(2m, q). 
ProoJ: (a) Since A,=A,.,tA,.,j...<A,i, we may suppose Y=A,,, by 
induction on t. Thus Y is elementary abelian. Let A be a normal abelian 
subgroup of R, and bh E A with b E D and 1 #h E Y. Then h has order 2 and 
we may suppose b = diag { b, , b,, . . . . b, > for some hi E X, and 
with respect to a suitable basis of the underlying space V of GL(mn, q). 
Here I,,, is the identity matrix of GL(m, q). 
Suppose X is non-abelian. Take an arbitrary xi E X,, x2 = 1 E X,, and 
any xiEXjfor i>3. Then y=diag{x,,x,,...,x,}ED and y-‘bhy(bh)--I= 
diag{x;‘, *, . . . . * } E A. This is impossible since A is abelian and X is 
non-abelian. 
If there exists w  E Z(X) with 1~1 > 3, then y = diag{ 1 ,,,, W, 1 V2, . . . . 1 ,,“} E 
Z(D) and 
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SO h-lb-‘[y,hh] bh = [y,bh] = [y,h]. But [y, h] = diag{w, w-r, 
1 ,+, . . . . 1 vn> E z(D) and 
h~‘b~‘[y,bh]bh=h~‘[y,h]h=diag{w~’,w, l.,,...,l,}. 
Thus w  = w-l and W* = 1. This is impossible. So every normal abelian 
subgroup of R is contained in the base subgroup. 
(b) Supposec,b2andA,.,=(y,)x(y,)x~~~~(y,~),where(y~)= 
i2/2Z and s=ci. If the elements of Yare ordered as {l, y,, y,, yly2, y,, 
Y1y3, y2h Y1Y2y3, Y4, YlY4~-}~ then YI and Y2 induce permutations 
(12)(34). . . (n - In) and (13)(24)(57)(68) ... (n-2n) on the subscripts of 
( v, , v,, “‘3 V,,}, respectively. If H= ([D, y,], [D, y?]), then H< [R, R] 
and C,(H) > C,( [ R, R] ). Now 
[ID, y,l= {diag(u,, u2, . . . . U,)ED 1 JU*j-1J=JU*iJy l <iGnni2}, 
CD, y,l = (diag{u,, u2, . . . . u,} ED : Iu4i-21 = Iu4il3 Iuzt- 31 = Iu4t-tl7 
1 ,<i<n/4}, 
so that D = C,(H) and D 3 C,( [R, R]). Since R/D is abelian, it follows 
that [R, R] 6 D and C,( [R, R]) > D, so that D = C,( [R, RI). 
Let K be a subgroup of R generated by normal abelian subgroups of R, 
so that D d K. For any y E Y, [D, y] is a normal subgroup of R contained 
in D. Thus W = ( [D, y], y ) is abelian. For any x E D, x ~ ‘yx = 
[x, y] y E W, so that W is a normal abelian subgroup of R, y E K, and 
K=R. 
Finally, suppose c, = 1. Then R = ( -I, ) { A,., is dihedral of order 8 
and is of the form Rf, o, as a subgroup of GL(2m, q). By (lH), 
N cz(2m,yj(R) = HC such that [H, C] = 1 and H/CR N 0+(2,2) = h/2& 
where C = C GLc2m.yj(R) and H is a subgroup of GL(2m, q) containing R. In 
particular, R is nonradical in GL(2m, q). This completes the proof. 
Now we prove (2.1) and (2.2). It is clear that (2.2) is a consequence of 
(2.1), so it suffices to prove (2.1). Let Rk,,,, = X{ Y, where X= Rf,,,,, and 
Y=A,. Thus either X#(-I,) or X=(-Z,) but c,>2. Let D be the 
base subgroup of X t Y, K the subgroup of X { Y generated by all normal 
abelian subgroups of X ? Y, and A( X { Y) = Z( C,( [K, K] )). 
If X = R:,,, = &,I,~--lr then X is non-abelian and every normal 
abelian subgroup of X { Y is a subgroup of D, so K< D. Let X0 = 
C,( [X, X]) and W be a normal abelian subgroup of X. Then Wn (X\X”) 
is empty, so that W< X0 and K< (X0)“. Conversely since X0 is a central 
product of a cyclic group and an extraspecial group, each element x E X0 
is in a normal abelian subgroup W of X. Since W” is a normal abelian 
subgroup of X 2 Y, it follows that (X”)fl d K, so that K= (X0)“. Thus 
C,( [K, K] ) = K = (X0)” and A (X 2 Y) = Z( X”)n since C,( [X0, X0] ) = X0. 
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IfX=R& # ( - Z,,, ), then X is a central product of a cyclic group and 
an extraspecial group with Z(X) cyclic. Thus either 12(X)] 3 3 or X is non- 
abelian, SO that K 6 D by (2A), (a). Since X is general by normal abehan 
subgroups of X, it follows that K = D, C,( [K, K]) = K, and A(X) Y) = 
Z(D) = Z(X)“. In particular, if X0 = C,( [X, X]), then X0=X and 
A(X{ Y) = Z(XO)Y 
Suppose X=(-Z,) and c,32. Let X’=XlA,.,,c’=(c, ,..., c,), 
n’ = 2c2+ “’ +‘I, and Y’ = A,.. Then X 2 Y= X’ t Y’, X’ is non-abelian, and 
every normal abelian subgroup of X’ t Y’ is contained in the base subgroup 
(X’)“’ of X’ 2 Y’. So K,< (X’)n’. By (2A), (b), X’ is generated by normal 
abelian subgroup of X’ and for such a subgroup W, W”’ is a normal 
abelian subgroup of X’ 2 Y’. Thus K= (X’)“‘. By (2A), (b), again 
C,.( [X’, X’]) = X2”‘, so that C,([K, K]) = x” and A(Xt Y) = X” = Z(X)n. 
In particular, if X0 = C,( [X, Xl), then X = X0 and A(X t Y) = Z(X”)n. 
Let 8 = { [ V, x] : x E Z( X”)n, x # 1 } be partially ordered by inclusion. 
Then the minimal elements of d in this ordering are the underlying spaces 
of the factors of D. Thus N,,o,,(X { Y) induces a permutation among 
these spaces since NGL(44j(X 1 Y) normalizes A(X 2 Y) = Z(X’)‘. Equations 
(2.1) follow by [3, (1.5) (2.1)]. 
Remark. By the proof above, A(Rf,,,,,,) is an elementary abelian 
2-group if and only if 2 is unitary and i = 1. Thus cx = 0. 
We shall call RL,z,y,e a basic subgroup of GL(d q) except when 2 is 
unitary c1= y = 0, and c, = 1. In addition we shall call deg Rf,,z,.i,c = d the 
degree of RL,.,;,,,, and l(Rf,,,.y,,)= t the length of Rm,a.y,c. 
(2B) Let R be a radical 2-subgroup of G = GL( V). Then there exists u 
corresponding decomposition 
v= V,@ .‘. 0 V,?@ V,+,@ .‘. @V, 
R=R,x ... xR,xR,,,x ... xR, 
such that R, = { + 1 y,> for 1 6 i < s and Ri are basic subgroups of GL( Vi) for 
i > s + 1. Moreover, if 2 is linear, then s = 0. 
Proof: Let V, = C,(R). V, = [V, R], so that V= V,@ V, and R = 
R,xR+,whereR,=(1,,)~GL(V,)andR+~GL(V+).SoN=N(R)= 
GUVo/,)xNci,~.+, (R,). If dim V, # 0, then O,(Z(GL( V,))) is nontrivial 
and 
R = O,(JV 2 O,(Z(GU Vo))) x Oz(Nci,~ v, ,(R + 1). 
Thus R, >, O,(Z(GL( Vo))) and this is impossible. So V= V, . Let N be the 
natural representation of G in GL( V). The same proof as that of [3, (4A)] 
shows that R can be reduced to the case in which NI R has one Wedderburn 
component and every characteristic abelian subgroup of R is cyclic. Note 
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that in the proof of [3, (4A)], if R has a characteristic noncyclic abelian 
subgroup A of R, then A < R, , so that lRll 22 and then R=2Bl(R,)? A, 
is a basic subgroup defined above, where R, , A,, and ‘%3, are groups and 
representation defined there. 
Let NI R = mF, where F is an irreducible representation of R over iF, and 
m is the multiplicity of F in NI R. Suppose every characteristic abelian sub- 
group of R is cyclic. By a result of P. Hall [9, 54.91, R is the central 
product EP of E and P over Z(E) = 52,(Z( P)), where E is an extraspecial 
group of order 22Yf’ and P is one of the following groups: a cyclic group, 
a semidihedral group S,, a dihedral group D,, or a generalized quaternion 
f&. Moreover S,, D,, and Qp have order 28> 16. Now NI R only has one 
Wedderburn component and N(R) is radical in G, so either P is cyclic or 
p= sa+2 by (lF), (b). Moreover the latter case occurs only if 2 is unitary 
and dim V=m2?+‘. Thus R=Ri,O,y+,. 
Suppose P is cyclic; then P = Z(R). Let L be the underlying space of F. 
Then the commuting algebra D of F(R) on L is an extension of [F,, and 
C&N(R)) 2: GL(m, D). 
We identify D ’ with Z(GL(m, D)). Since Rd RO,(D”)s N and R is 
radical, it follows that O,(D x ) < R so that P = O,(D x ). If 2 is linear, then 
IPI =2O’% for some c( 3 0. If 2 is unitary, then either IPJ = 2”+” for some 
tl> 1 or 1 P( = 2, c1= 0. Suppose dim L = 2% for some u 2 1. Then F(E) < 
C cx&V)) = WV, q’“), so that E has a faithful and irreducible 
representation in GL(u, q2’) and hence u = 2’, dim L = 2”+?. Thus N has 
degree m2” +‘/, and R = RL,.%, is a basic subgroup of GL(m2” +?, q). This 
proves (2B). 
(2C) Let (R, cp) be a weight of G = GL( V) and 
v= v,o ... 0 V,@ vJ+l@ ... @V, 
R=R,x ... xR,~xR,+~x . . . xR, 
be the corresponding decompositions of (23). Let 
I/(k m, a, Y, cl = c vi, W, m, u, y, c) = n R;, 
I I 
G(k, m, a, Y, c) = GU W, m, a, y, cl), 
where i runs otler the indices such that Ri = Rk a 7 =. Then % 3 , 
N(R) = n NC~k,m.~,v,,,(W, my ~1, Y, c)), 
km,z.v,c 
N(R)IR = n NG~k,m,rr,v,e~(R(k m, ~1, Y, c))lW, w r9 Y, c). 
km,z,v,c 
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Moreover 
N G~k,m..,y,,,UW m, a, Y, c))lR(k m, a, Y, c) = (N~,.,;,,,lR!L,,,,,,,) 2 S(u), 
where u is the number of basic components RL,a,Y,c in R(k, m, tl, y, c) and if 
V m,l,y,c is the underlying space of R& j,,er then NL,,,,,, is the normalizer of 
R!L,..y,c in WVm,,,,,.). 
Proof Let N = N(R) and 9 = { [V, x] : x E Z(R), x # 1 } be partially 
ordered by inclusion. Then N induces a permutation group on 9 and the 
minimal elements in this ordering are the spaces Vi, so that N permutes the 
pairs {(V,, Ri)}. Let K, be the subgroup of Ri generated by all normal 
abelian subgroups of R,, A(R,)=Z(C,([K,, Ki])), and &= {[V, g] : 
g E A( Ri), g # 1) partially ordered by inclusion. If R, = R&.i,e, then the 
minimal elements of &, have dimension m2” + 7 as shown in the proof of 
(2.1). We claim that (m, 2) = 1. Indeed let 9 be an irreducible constituent 
of q 1 CR. Then R < ker 0 and 0 is in a block of CR/R of defect 0. Let 
C=C, xC,x ... xCI, where C,=CGL(Y,,(Rj). Then 8=$,x6,x ... xdI, 
where oi is an irreducible character of a block of CiRi/Ri with defect 0. As 
a character of Ci, oi falls into a block 6, with defect group Z(Ri) such that 
Bi is the canonical character of hi. Now Cj z GL(m, 4”). By a theorem of 
Broue [4, (4.18)], there is a semisimple 2’-element s E Ci such that Z(Ri) is 
a Sylow 2-subgroup of C,.<(s). This forces C,.,(s) N GL( 1, q’), where 
I= m2”, so that (m, 2) = 1 since Z(R;) has order 2”+” except when 2 is 
unitary and c( = 0, in which case Z( Ri) has order 2. 
Suppose Ri and R,, for 1 6 i, i’ <s are conjugate components of R. Then 
dim V,= dim V,. since N permutes the pairs (V,, R,), (V,,, Ris). Suppose 
R, = Rk,,a,y,c and R,. = RE.,,.,;,.,,. are conjugate components of R. Then 
A(R,) and A(R,.) are conjugate. Thus the dimensions of the minimal 
elements in 4. and 6,, are the same, so that m2”+C’=m’2”‘+:” and m =m’. 
Suppose lZ(R,)I #2. Since Z(R,) is conjugate to Z(R,.), it follows that 
2 o+2=2a+z’ so that k = k’ = 1, a = IY’, and y = y’. Suppose lZ( Ri)l = 2, so 
that IZ(Ri.)i= 2 and 2 is unitary. By the remark before (2B), A(R,) is 
elementary abelian if and only if k = 1. Since A(R,) is conjugate with 
A(R,.), either both are elementary abelian or both are not, so that either 
k=k’= 1, cc=cr’=O, and y=y’ or k=k’=2, a=cc’=O, and y=y’. 
Finally, the permutation groups induced by R, and Ri, on the minimal 
elements of 6$ and 4., are A, and A,., respectively. It follows by [3, (2B)] 
that c = c’. The proposition now follows easily. 
Remark. By (2C) if (R, cp) is a weight, then there exists an irreducible 
character cpO, covered by cp, of NG~k,m,r,y,cJR(k, m, ~1, Y, cl), so that cpo is 
trivial on R(k, m, ~1, y, c) and in a block of defect 0 of 
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As shown in the proof of [3, (2C)], there exists an irreducible character 11/ 
of Ni,.,y,e covered by ‘pO. Thus $ is in a block of N~,a,y,e/Rf&y.e of defect 
0. By (2.1) there exists an irreducible character $0 of NL,.,, covered by $. 
So $,, is in a block of Nk,,a,y/Ri,a,y of defect 0. Suppose 2 is unitary c1= 0 
and k = 1. Then by the remark after (lG), this occurs only when 
R!,,.,,, = Rn,o,l is a quaternion group. 
Given m 2 1, c( 2 0, y > 0, and a sequence c = (c, , c2, . . . . c,) of non- 
negative integers ci. Let c’ = (c,, . . . . c,). Define Dm,a,B,r. as follows: If 2 is 
linear, then 
D m.rx,y.c = Rm,a,;‘,c~ 
Suppose 2 is unitary. Then 
D m,a,>‘,c 
= %w,y,e 
I 
R m,%y,= if a> 1, 
~m,l.-/-ll,c if cr=O,andy>l, 
if a=y=Oandc,#l, 
R m.0,I.c’ if cr=y=Oandc,=l, 
where Rm,o, 1 is a quaternion group. In addition let Dm,%,? = Dm,or,y,O. By the 
remark above, we may suppose that the components Rj of R in (2C) have 
the form Dm,a,y,c. 
3. THE Z-WEIGHTS 
Let R be a radical subgroup of a finite group G, N = N(R), and 
C = C(R). Let 0 be an irreducible character of CR which is trivial on R and 
N(8) the stabilizer of 0 in N. We denote the sets of irreducible characters 
of N(B) and N which cover 0 which are in blocks of N(O)/R and N/R of 
defect 0, respectively, by IrrO(N(e), (3) and Irr’(N, 0). By Clifford theory 
the induction mapping @ H I($) = lnd&,,(ll/) induces a bijection from 
IrrO(N(B), 0) to Irr’(N, 0). Since +( 1) = d(ll/) e( 1) for some integral divisor 
d($) of (N(0): CR), it follows that (R, Z($)) is a weight of G if and only if 
4ti)z = (N(e): CR),, e(l),=(CR:R),, (3.1) 
and in particular, I3 then is in a block of CR/R of defect 0. In this case the 
block b of CR containing 0 has defect group R and canonical character 0. 
Moreover for any Ic, in Irr”( N(e), e), I($) is a character of bN and (R, Z($)) 
is a bG-weight of G. By [3, p. 31 all weights for a block B of G have the 
form (R, I($)), where R run over representatives for the G-conjugacy 
classes of radical subgroups, b run over representatives for the N(R)- 
conjugacy classes of blocks of C(R) R such that b has defect group R and 
bG = B, and II/ run over IrrO(N(e), 0). Here 8 is the canonical character of b. 
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A pair (R, 6) consisting of a 2-subgroup R of G and a block b of C is 
called a Brauer pair of G. In particular, pairs (1, B) correspond to blocks 
B of G. If G is a general linear group over [F,, then the Brauer pairs (R, b) 
of G have been labeled by Broue [4, (3.2)]. This labeling is by ordered 
triples (R, s, -), where s is a semisimple 2’-element of the dual group G* of 
G, and - is an empty set. Moreover, if R is a defect group of a block B of 
G and (R, b) is a Brauer pair containing (1, B) and labeled by (R, s, -), 
then s is determined uniquely by B up to conjugacy in G* and (s, -) is 
called the label of the block B. Since G* E G, we may identify G* with G. 
Let 8 be the set of manic irreducible polynomials T# X in IF, [X] 
whose roots have odd orders. Given r in 9, let d, be the degree of r, cl,- 
the exponent such that 2”r = (d,),, and m, the integer such that 
mr21r= d,. By [4, (3.8)] each f in 9 determines a block B, of 
G, = GL(d,, q) with label (f-, -), where r represents a semisimple element 
of G, with an elementary divisor f of multipicity 1 and no other elemen- 
tary divisors. By [4, (4.18)], a defect group R, of B, exists as a subgroup 
of C,,(r) = GL(l, qdr). Thus R, has the form Dmr,ar,O. Let CI= C,,(R,), 
and N, = N,,(R,). Then C, ‘v GL(m,, q2’r) and N,/Cr is cyclcic of order 
2”’ by (1H). Let b, be a block of C, with defect group R, and by = B,, 
let 8, be the canonical character of b,, and let N(8,) be the stabilizer of 
Br in N,. The pair (R,, 0,) is determined up to conjugacy in N, by 
Brauer’s First Main Theorem. Since R, is a defect group of B,, 
(N(8,): C,) is odd, so that N(0,) = C,. Conversely let B be a block of 
GL(2”m, q) with defect group R = D,,,%,,,, (s, -) the label of B, b a block of 
Co(R) such that bGL(2Zm,y) = B, and 8 the canonical character of b. By 
[4, (4.18)] we may suppose R is a defect group of CGL(2Zm,yJ(~). This forces 
c GL(2%,&) = W1, 9’) f or some 12 1, so that s has a unique elementary 
divisor r~ 9 with multiplicity 1. Thus r and B correspond in the 
preceding manner and I = d, = 2”m. The defect group R has order 2” + OL, 
except when 2 is unitary and c( = 0, in which case R has order 2. It follows 
that m is odd, and so m = m,, a = c(r. 
(3A) Given IEF. Let G=GL(2Y d,, q) and R= D,,,.r,,<G or 
G = GL(2d,, q) and R = R,r,O,, < G, where R,r,o,, is a quaternion group. 
Let C = Co(R) and N = No(R). Then R is a basic subgroup of G and 
C = C,@ I, where I is the identity matrix of order 2y or 2 according as 
R = Dmr,ar.y or R = %,o, I. The irreducible character of C defined by 
e(c@I)=B,(c) for CE C, is in a block of CR/R of defect 0 and 
lIrrO(N(0), 6)l = 1. 
Proof All statements but the last are clear. If IRI = 2, then N = 
N(B) = C and lIrr”(N(0), Q)l = 1. Suppose R = D,,.,, is a central product 
of a semidihedral group and an extraspecial group. Then 2 is unitary, 
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or,=0,andy~1.LetRo=C,([R,R]),andN”={gEN:[g,Z(Ro)]=1}. 
By (11) there exists a subgroup L < No containing R” such that No = LC, 
[L,C]=l, Z(L)=Z(C)Z(R’), Z(C)=Z(G), L/R’Z(L)-Sp(2y-2,2), 
R” = Non R, and N= (5, No) for an involution z E R\R’. So N= N(8) 
and No is a central product of L and C over C n L = Z(C). Moreover each 
linear character of Z(L) trivial on O2 (Z(L)) = Z(R”) has an extension to 
L trivial on R”. A constituent of the restriction of 8 to Z(C) is a linear 
character trivial on O,(Z(C)) and has an extension 4 to Z(L) trivial on 
Z(R’). Thus 5 has an extension c to L trivial on R” and the product @ 
is an extension of 0 to No trivial on R”. Since N”/RoC N L/R’Z(L) = 
Sp(2y - 2,2), the Steinberg character St of N”/RoC can be regarded as a 
character of No trivial on R’C. Thus St z0 is an irreducible character of No 
since its restriction to C is irreducible and by (3.1) it is a character in 
Irr”(No, 0). We claim that St zf3 is the only character in Irr”(No, 6). Indeed 
by Clifford theory each I(/ E Irr”(No, 19) has the form xr6’ for an irreducible 
character 1 of No/C. Since $ and &’ act trivially on R” and tj is in a block 
of No/R0 of defect 0, x acts trivially on R” and in a block of N”/RoC 
of defect 0, so that x = St. The claim holds. Since N = (t, No), II/’ is a 
character in Irr”(No, 0) and II/’ = Ic/. So there are two irreducible characters 
of N covering 1+9 and only one of them acts trivially on R by Clifford theory. 
It is clear that each character in Irr’(N, 0) covers $. Thus IIrr’(N, e)l = 1. 
Finally, suppose R is a central product of a cyclic group and an extra- 
special group. Let No = { g E N : [g, Z(R)] = 1). By (lH), N/No is cyclic of 
order 2”r, No = HC for some subgroup H of No containing R, [H, C] = 1, 
Cn H= Z(H) <Z(C), and H/RZ(H) N Sp(2y, 2). So No < N(B) and No is 
a central product of H and C over H n C. Moreover each linear character 
of Z(H) trivial on O,(Z(H)) has an extension to H trivial on R. The 
elements of N/No and N,-/C, induce field automorphisms of C = C, @ I, 
and C,, respectively, so that N/No N N,/C, and N(0)/N” 2: N(e,)/C,. 
Since N(0,) = Cr, it follows that N(8) = No. A similar proof shows that 
St @ is the only character in Irr”(No, e), where St is the extension of the 
Steinberg character of N’/RC N H/RZ( H) to No trivial on RC and f is an 
extension of a constituent of the restiction of 8 to Z(H) such that R 6 ker r. 
It follows that IIrrO(N(B), f3)l = 1. This completes the proof. 
Let rep, and let G = GL(2dd,, q) and R= Dmr,xr,y,c be a basic sub- 
group of G, where c = (cl, c2, . . . . c,), and d = y + c, + c2 + . . + c,. In addi- 
tion, let c’ = (c,, . . . . c,). Then C= C,(R) = C,@ I,@ I,, except when 2 is 
unitary, cr=y=O, and cl=l, in which case C=C,(R)=C,@Z,@Z,,, 
where Z,, I,, I,, and I,, are identity matrices of orders 2”, 2” + ‘2 + ... + “, 2, 
and 2c2+ “. +‘I, respectively. The irreducible character of C defined by 
e(coz,ozc~)=e,(c) if 2 in unitary, cr=y=O, and cl = 1, 
e(c 0 1~0 1,) = e,(c) otherwise, 
(3.2) 
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for CE C,, is then in a block of CR/R of defect 0. We shall say that the pair 
(R, 0) is of type ZY If b is the block of C containing 8, then (R, b) has a 
label (R, 2dT, -). 
(3B) Let G = GL(n, q), R a basic subgroup of G, (R, cp) a weight of G, 
and 0 an irreducible character of C,(R) covered by cp. Then (R, 0) has type 
r for some r~ 8. 
Proof: Let R = Dm,x.y,c. First suppose lZ(R)[ = 2, so that R = 
s VI.1,) I,C’ R nr,O,O,c, or R,,O,,.,,, where R,,o,, , is a quaternion group. Thus 
2 is unitary, 2 = 0, and R = R,,,,. l,c, if and only if ‘/ = 0 and cl = 1. Let 
G, =GL(m, q), R, = (-Z,,,)<G,, C, =C,,(R,), and N, =N,,(R,). Then 
G,=N,=C, and C=C,(R)=C,@Z,@Z, except when y=O and c,=l, 
in which case C= Cl @Zz@Z,.. Thus 0 has the form 8, @Z,@Z, or 
0, @Z,@Z,. defined as (3.2), where 0, is a character of C,. Since 6, is in a 
block of C/Z(R) of defect 0, 8, is in a block of C, /R, of defect 0. Thus the 
block b, of C, containing 0, has a defect group R, . Since b”’ = b, has a I 
defect group R, , it follows that G, = C,, R, = R,, and 8, = Br for some 
Z-E 9 by the remark before (3A). Thus (R, 0) has type Z’. 
Suppose lZ(R)I #2, so that R= Dm,=,;, t A,, where Dm,z,y is a central 
product of a cyclic group and an extraspecial group. Let G, = GL(2%2, q), 
RI = Dm,x.o> C,=C,,(R,), and N,=No,(R,). So C,-GL(m,q’“), N,/C, 
is a cyclic group of order 2”, and C = C,(R) = C, @ I, @ I,. Thus 8 has the 
form 8, @Z, @I,, where 8, is a character of C, which is in a block of 
C, /Z( R, ) of defect 0. The block h, of C, containing 0, has a defect group 
R, and we claim that by1 also has a defect group R,. Indeed let N,,.,? and 
C m,l,y be the normalizer and centralizer of Dm,a,i, in GL(2”+%2, q), 
and Nzly= bwYn,.,i,: CsJVL,,,,)l=11. BY (lH)> C,,,,=C,OZ, 
and Nm,~,;/N~,z,y = N, /C, is cyclic of order 2”. If 8, 0 Z, is the irreducible 
character of Cm,G,y defined by (~,OZ,)(c@Z,)=8,(c) for CEC, and 
N(8, @Z,) is its stablizer in N,,.,;,, then by (2.1) 
N(B)/R = (N(0, OZJD,,..,) x GL(c,, 2) x ... x GL(c,, 2). 
Let q = I($) for some 1(1 EIrr’(N(B), 0). Then II/ is an irreducible character 
of N(O)/R in a block of defect 0. Let $. be the irreducible character of 
We, 0 z,)lD,,,,, covered by $. Then ,jo is in Irr’(N(B, @Z,), 8, @I,). 
Since the elements of N,,,,,lNL I 7 and N,/C, induce all field 
automorphisms of C, OZ, and ?;,’ respectively, it follows that 
We, 0 z,)lNO,,,,y N N(o,)/C,, where N(0,) is the stabilizer of 8, in N,. A 
proof similar to that of (3A) shows that Irr”(Ni,,,y, 0) has exactly one 
character, so that N(0, @Z,) stabilizes this character. Since N,,,,y/NL,,,, is 
a cyclic 2-group and Irr’(N(B, 0 I,), 0, @ I,) has at least one character $o, 
it follows by (3.1) that NO,..,, =N(e,@Z,), so that N(e,)=C, and then the 
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block b:l has a defect group R,. iy the remark before (3A) there exists 
ZE 9 such that G, = G,, R, = R,, and 8, = 8,. It follows that (R, 0) has 
type Z. This completes the proof. 
Given Z-ES and d>O. Let G=GL(2dd,, q), O<y<d, c=(c,, c2, . . . . c,) 
a sequence of nonnegative integers such that d-y = c, + c2 + . .. + c,, and 
let R = D my,ay,y,e be a basic subgroup of G, and c’ = (c,, c2, . . . . c,). In addition 
let C = C(R), N = N(R), and 6 be the irreducible character of C defined by 
(3.2). Then (R, 0) is of type Z, so that the block b of CR containing 8 has 
defect group R and b” has label (2dZ, -) by [4, (3.2)]. Here 8 is regarded 
as a character of CR tivial on R. 
Suppose R = Dmr,ory,L. { A,. Let n = 2”“(‘?+ “’ +‘I, N,r,Ir,Y = 
N GL(2jd~,4)(Dm~,z~,.~), and Cm,.,, = CGL(2:.d~,y)(Dmy.rry,y). Then Cm,,.,, = 
C,@Z:,. If 8,01, is the character of C,,.,, given by (3A) and N(Q,@Z,) 
is its stabilizer in NM,,..,,., then 
NWR = (Ned3 Zy)lDmy,ay,y )x GL(c,, 2) x ... x GL(c,, 2). 
Thus the characters $ in Irr’( N(B), 0) are parametrized by (t + 1 )-tuples 
($0, $1 > ...? $,), where $a is in Irr’(N(B,@Z,), Q,@Z,) and each $; is an 
irreducible character of GL(c;, 2) in a block of defect 0. Necessarily $i is 
the Steinberg character of GL(ci, 2). 
Similarly if R = R,,,o, 1 2 A El) where R,r,o, r is a quaternion group, then 
N(WR = U’W,OZ,YRnr,o., ) x GL(c,, 2) x ... x GL(c,, 2) 
where 8,01, is the character of C,,.,.,, = CCIL(2dr,yj(Rmr,o, 1) given by (3A) 
and N(e,@Z,) is its stablizer in Nmy,ar,r= NGL(2~r,yj(Rmr,o,1). Thus the 
characters II/ in IrrO(N(B), f3) are parametrized by t-tuples ($a, ti2, . . . . 1+9~), 
where tiO is in Irr’(N(B, @ Z2), Q,@ Z2) and each II/, is a Steinberg character 
of GL(c,, 2). 
By (3A) there exists exactly one such character tie, so that there exists 
exactly one such $ and then exactly one bG-weight of the form (R, cp). 
(3C) Let B be a block of G = GL(2dd,, q) labeled by (2dr, -). Then 
there are exactly 2d B-weights (R, cp), where R runs over the basic subgroups 
of G with degree 2d d,. 
Proof ( 1) Let R be a basic subgroup of G, (R, cp) a B-weight, and 0 an 
irreducible character of C(R) R covered by cp. Then the block b of C(R) R 
containing 8 has a defect group R and bG = B. By (3B), (R, 0) has type A 
for some A E Y and (R, b) has label (R, 2”A, -) for some v > 0. Here b is 
regarded as a block of C(R). Since bG = B, 2dZ and 2”A are conjugate in 
G by [4, (3.2)], so that Z= A and (R, 0) has type Z. 
The number of different sequences c= (c,, c2, . . . . c,) such that 
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4D mr,ar.Y.c) = zd 6 and 4Dmr,ar,7,E )=t is (dlJ, ‘). Here 1 <t<d-y when 
d- Y 2 1; t = 0 when d = y, and ( I :) is interpreted as 1. There is exactly one 
character q associated to each D,ny,Ir.i,,c, so that there are 
weights of the form (Dmr,zr,y,c, cp). 
(2) Suppose (R, b’) is another Brauer pair of G such that h’” = B, and 
8’ is the canonical character of h’, where R = Dmr no y c. Then (R, b’) has 
the label (R, 2dZ, -), so that (R, 0’) has type Z. ‘Thus 0’ has the form 
f&O Z, QZ,, except when 2 is unitary, c( = y = 0, and c, = 1, in which case 
0’= &@Z, Or,., where (3; is an irreducible character of C,. We claim 
0’ = 13” for some n E N(R). Indeed if h> is the block of C, containing &, 
then b> has a defect group R, and bkGr= B,. The block b, of C, 
containing 6, also has defect group R, and b? = B,. By Brauer’s First 
Main Theorem (R,, b,)” = (R,, b>) for some g E N,, and so OF= 0;. If 
lZ(R)I = 2, then N,= C,-, 9,= &, so that 8 = 6’. Suppose lZ(R)I # 2, so 
that D,, ar, 7 is a central product of a cyclic group of order 2”+“’ and an 
extraspecial group. Set Nir.1r,7 = {h E N,r,lr,y : [h, Z(D,,.,,)] = 11. Then 
and hence (O,@Z,)h=&OZY for some hEN,r,,,,j,. Since O=O,@Z,@Z,, 
0’ = 663 I,0 I,, and If(R) = (Nmr,.r,.JDmr.mr.Y ) 0 NscnI(Ac), it follows that 
0” = 0’ for some n E N(R), so that C(R) R has exactly one N(R)-conjugacy 
class of block b with defect group R such that bG = B. This completes the 
proof. 
For each ZEF and dd0, let %‘r,,d= {(P~,~,,: 1 <j~2~} be the set of 
characters associated with basic subgroups of GL(2dd,-, q) in (3C). 
(3D) Let ~EF-, G= GL(w,d,, q), for some integer w,> 1, and let B 
be the block of G labeled by (w,I’, -). Then the number of B-weights is the 
number fr of assignments 
LI +Zr,,-+ {2-cores}, ‘Pr,d,fH KY,d,, 
da0 
such that 
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Prooj Let s = W,TE G, (R, cp) be a B-weight of G, C = C(R), and 
N = N(R). Then there exists a block b of CR with defect group R such that 
bG = B and cp E bN. In the decomposition (2B) of R, we may suppose 
R = Rtl x R? x . . x Rb,“, 
where R;s are distinct basic subgroups and R, appears bi times as a com- 
ponent of R. Let Ci = CGLcY,)(Ri), N, = NGLc,,,(Ri), where Vi is the under- 
lying space of Ri. Then C = C:’ x CF x ... x C?. Let 8 be the canonical 
character of b, so that 6’= nr=, 6:, where Bi is an irreducible character of 
CiRi trivial on Ri. In addition we may suppose SE C. Let S, be the restric- 
tion of s to Vi and bi the block of C, containing 8,. Then (R;, si, -) is the 
label of (R,, b,). BY (3B), 4 = D,,.2,, ),.=, for some yi and ci. It is clear that 
We) = fj No,) ? S(b,)> 
i= I 
where N(0,) is the stabilizer of ei in N;. In particular, if $ E Irr”( N(8), e), 
then Ic/ = n;=, I,+~, where Ic/, is an irreducible character of N(ei) { S(b,) 
covering 0:. Moreover, $, is in a block of N(8,) t S(b,)/RF N 
(N(e,)/RJ 1 S(bi) of defect 0. 
Let Irr”(N(B,), ei)= {cp,}. As shown in the proof of [3, (2C)], the 
irreducible characters of (N(e,)/R,) 2 S(b;) which cover 0;’ and which are in 
blocks of defect 0 are in bijection with assignments (P~H K, of characters 
to 2-cores such that IK,~ = b;. Thus the irreducible characters of 
IrrO(N(B), t9) are in bijection with assignments V;H K; of characters to 
2-cores such that 
i (deg Ri) 1~~1 = deg R. 
r=l 
For fixed d> 0, the number of irreducible characters associated with 
basic groups of degree 2d d, is 2d. Let Q?r,d = { (P~,~,~ : 1 < j < 2d} be the set 
of these characters. Then the number of B-weights is the number of 
assignments 
I..l %Tr,d -+ {2-cores}, 
da0 
(Pr,d, j  H Kr,d,J 
such that 
1 zdd, 5 IKr,d,jI =drwr, 
da0 j= I 
which gives the required condition. This completes the proof. 
We now prove the main theorem of this paper. 
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(3E) Let B be a block of G = GL( V) with label (s, -), fir sr the primary 
decomposition of s, Cr V, the corresponding decomposition qf V, and w,- the 
integer such that dim V, = d,w,.. Then the following hold: 
(1) The number of B-weights of G is n, fi., where f, is given by (3D). 
In particular, ,f;- is the number of partitions qf wr. 
(2) The number qf B-weights of G is l(B). 
Proof Let (R, cp) be a B-weight of G, R = JJ:=, Ri, and V = @ :=, V, 
the decompositions of (2B), C = C(R), N = N(R), and I3 an irreducible 
character of C covered by cp. Then C= n:=, C, and t? = JJ:=, 8;, where 
C, = C,,( .,(R;) and 8, is a character of C,. An argument similar to that of 
the remark of (2C) shows that there exists an irreducible character cp, of 
N, = NGL~ v,,(K) such that ‘pi covers 0, and is in a block of NJR, of defect 
0. Thus (R;, q,) is a weight of GL( V,) and then (R;, Oi) has type r for a 
unique LEAF by (3B). Moreover if (R,, t,, -) is the label of (R,, b,), then 
(R, n, t,, -) is the label of the Brauer pair (R, b) of G, where bi is the block 
of Ci containing H, and b is the block of C containing 8. By [4, (3.2)], 
(n, tj, -) is also a label of B, so that s and JJ, t, are conjugate in G. Let 
R(T) = nj R,, C(T) = ni C,, H(f) = n, 8,, and t(r) = nj t,, where i runs 
over 1 d i< t such that (R,, 0,) is of type f. Then R = n, R(f), 
0 = JJr 0(r), C = n, C(T), and n,. t(r) is a primary decomposition of s 
in G. We may suppose sy = t(r). Since 8,# Br-, for f # f ‘, it follows 
that N(Q)=n, N(B(T)), where N(B(Z)) is the stabilizer of 0(r) in 
N CL, vriR(U). N ow each $ E Irr”(N(Q), (3) decomposes as JJr $(r), for 
$(r) E Irr’(N(B(T)), e(f)). Let b(T) be a block of C(T) containing 
Q(r), and B(f) = b( Z-)GL”‘r-). Then B(T) is labeled by (sr, -) and 
(R(T), Z($(Z))) is a B(Z)-weight. Conversely if B(T) is a block of GL( V,.) 
with label (sr, -) and (R(T), q(Z)) is a B(T)-weight, then there exist a 
block b(T) of C(T) R(T) with defect group R(T) and the canonical 
character e(Z) such that b(T) GL’ Vr’ = B(f) and cp(T) = Z(IC/(r)) for some 
$(T)~Irr~(N(0(f)),B(f)). Let R=n,-R(T), 0=n,O(r), b=n,b(I’), 
and $ =n,$(I). Then $~Irr’(N(d), e), b’= B, and (R, I($)) is a 
B-weight. By (3D) the number of B(T)-weights of GL( V,) is f,. and so the 
number of B-weights of G is n,,f,.. By [3, (lA)], fr is also the number 
of partitions of wl-. So nr fr is the number l(B) of irreducible modular 
characters in B by [7, (8A)]. This completes the proof. 
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